This paper investigates the relationship between current, back electromotive force (back-EMF), and torque for permanent-magnet brushless DC (PM BLDC) motors under advanced commutation control from the perspective of harmonics. Considering that the phase current is the influencing factor of both torque and torque ripple, this paper firstly analyzes the effects of advanced commutation on phase current and current harmonics. And then, based on the harmonics of the phase current and back-EMF, the torque harmonic expressions are deduced. The expressions reveal the relationship of harmonic order between the torque, phase current, and back-EMF and highlight the different contribution of individual torque harmonic to the total torque ripple. Finally, the proposed harmonic analysis method is verified by the experiments with different speed and load conditions.
Introduction
The brushless DC (BLDC) motors have a wide range of applications in industrial and civil areas due to high power density, high efficiency, simple drive, and high reliability [1] [2] [3] [4] [5] [6] . Electromagnetic torque ripple is an important indicator of motor performance. Compared with permanent-magnet synchronous machines (PMSM), commutation torque ripple of BLDC motors is more serious so as to generate noise and vibration and narrow the scope of high precision and high stability applications [3, 7] .
Many direct and indirect methods are introduced to reduce the torque ripple. Liu et al. [7] employed a hybrid switching mode to minimize the error between the commanded torque and the actual torque, which did not require the information of the conduction duration and adaptively adjusted phase current to maintain constant torque. Indirect method reduces the torque ripple by making the incoming and outgoing phase currents change at the same rate during the commutation. Chen et al. [2, 3, 8] adopted three different circuits in front of the inverter to meet the voltage demand of commutation period, so that noncommutation phase current was kept steady and commutation torque ripple was reduced. Shi and Li [4] calculated the duty cycle per phase in a PWM period to keep the same current change rates of incoming and outgoing phases. Advanced commutation can also reduce commutation torque ripple by narrowing the differences of current change rates for incoming and outgoing phases. Considering the signal harmonics of the Hall position sensors, Chiu et al. [5] proposed an improved phase advance circuit to get more accurate advanced angle, which restrained torque ripple and improved the torque performance. Park et al. [6] presented an expression to adjust the advanced commutation angle, which avoided the rotor position error at the reverse motoring mode. In [9] , each phase conduction time was extended to broaden the conducting area of phase current and obtain wider speed range and lower torque ripple. A modified driving strategy that consisted of advanced commutation and overlapping method was proposed to suppress the torque ripple [10] . Considering the entire speed range, Jung et al. [11] analyzed the commutation torque ripple depending on three commutation control methods including conventional six-step, advanced commutation method and advanced commutation with overlapping method. Then an optimal current vector trajectory was designed based on the three methods to reduce the torque ripple. Considering the nonideal characteristics of BLDC motors, a calculating method of advanced angle was proposed to improve the torque-to-current ratio and efficiency [12] . Given the relationship between the torque and advanced angle, Im et al. [13] solved the differential equations to achieve torque maximization, and a simplified function of advanced angle was presented by curve fitting. To improve the control performance, more detailed analysis of torque ripple needs to be studied. Zhu et al. [14] investigated the contribution of current harmonics to average torque and torque ripple in switched reluctance machines. Chen [15] proposed an electromagnetic torque model for PMSM and analyzed the influence of current and back-EMF harmonics on torque. Hu et al. [16] enhanced torque output of a dual three-phase PMSM by injecting the fifth and seventh current harmonics without any hardware reconfiguration. In order to analyze the impacts of actual current and back-EMF waveform, the torque harmonic expressions for six-phase BLDC motor were deduced [17] . However, both the trend of torque harmonics varying with the advanced angle and the effects on torque ripple have not been given.
In this paper, the relationship between current, back-EMF harmonic, and torque harmonic for three-phase BLDC motor with advanced commutation control is presented. Firstly, the influences of advanced commutation on phase current and current harmonics are analyzed. Then, based on the harmonic decomposition of phase current and back-EMF, the torque harmonic expressions that relate to the advanced angle are deduced. These torque harmonics change with advanced angle and make different contribution to torque ripple. Furthermore, the experimental bench is set up to verify the presented analysis.
The Advanced Commutation Control of BLDC Motor
As to three-phase wye-connected BLDC motor, Figure 1 According to the equivalent circuit in Figure 1(b) , the phase voltage equations can be written as [18] 
and the equation of the electromagnetic torque is
where , , and are the terminal phase voltages of threephase windings; , , and are phase winding currents; , , and are trapezoidal back-EMFs; and L, R, , and are the stator equivalent inductance, phase resistance, neutral point voltage, and mechanical angular velocity of the BLDC motor, respectively.
Figure 2(a) shows ideal square-wave phase current that is in phase with the corresponding back-EMF. When the motor operates with two-phase windings conducting, no torque fluctuation is generated according to (2) . However, torque ripple and the decrease of output torque will be inevitable owing to the lagging quasi-square-wave phase current as shown in Figure 2 (b) and become more severe with the increase of speed or load [19, 20] . This situation can be improved by advancing a commutation angle as shown in Figure 2 (c). According to (1) and Figure 2 (c), it can be noted that current can be built rapidly as the back-EMF has not reached the maximum at the commutating time. And the phase current has been close to maximum when the back-EMF gets the reference value. Therefore, advance commutation contributes to the establishment of the incoming phase current. Essentially, advance commutation changes the amplitude and phase angle of current and then the torque. So it is necessary to analyze and solve the phase currents varying with the advanced angle firstly.
The Motor Performance Analysis under Advanced Commutation Control
This section studies the phase current and electromagnet torque of BLDC motor. To analyze motor performances, a BLDC motor is selected and the main parameters are shown in Table 1 .
Phase Current Analysis.
In advanced commutation control mode, the analytical expressions of phase current can be obtained by referring to [9] . Differential equation of the incoming phase current is calculated as follows:
where dc , , , and are the supply voltage, back-EMF amplitude, electrical angular velocity, and advanced angle, respectively. = dc ( − 0.5) is the average input voltage and is switching function of one phase and is set as 0 or 1.
Based on (3), it can be concluded that advanced angle increases the coefficient of the exponent, which shortens the time to reach the reference current. The decrease of is also beneficial for the establishment of incoming phase current. However, the increase of back-EMF , which is proportional to the electrical angular speed, causes gentle slope and deviation compared with the ideal square-wave current. If the speed and supply circuits are confirmed for a BLDC motor, advanced angle would have an important effect on phase current. Figure 3 shows the commutation process from -phase to -phase. Compared to the ideal commutation, the actual case decreases noncommutating phase current due to the smaller current slew rate of incoming phase than that of outgoing phase when dc < 4 is true [4, 8] .
-phase currents with the variation of advanced angle are shown in Figure 4 . As can be seen, the phase current has a maximal pulsation Δ when advanced angle is zero. With the increase of advanced angle, current slew rate of incoming phase grows, which reduces the current pulsation of noncommutating phase and contributes to the suppression of torque ripple according to Figure 3 and (2). However, as advanced angle increases gradually to 12 ∘ electrical angle, negative -phase current is passing through the freewheel diode when -phase is switched off, which causes the current distortion circled by a red solid line and is harmful for torque.
The harmonic components of quasi-square-wave phase current can be obtained based on harmonic decomposition. Considering the complexity of initial phase angles of current harmonics, the -phase current expressed by a series of harmonics can be simplified as [17] ( ) = 1 sin ( − ) + 5 sin 5 ( − )
where is the lagging angle of phase current compared with back-EMF and 1 , 5 , 7 , and 11 are the amplitudes of fundamental harmonic and the 5th, 7th, and 11th current harmonics, respectively. In those current harmonics, the current harmonic with the same frequency as quasi-square wave is defined as fundamental component of phase current.
Similarly, the fundamental components of back-EMF and torque can be also defined. Figure 5 shows the initial 20 harmonics of the phase currents under different advanced angles. To clarify the detail, the fundamental harmonic and the 5th, 7th, and 11th harmonics are also highlighted in Figure 5 . It shows that the amplitude of those main harmonics firstly decreases and then increases when the advanced angle increases.
Commutation Torque Ripple Analysis.
To analyze the torque harmonics and torque ripple, the ideal back-EMF is also decomposed as follows:
The initial phase angles of back-EMF harmonics are 0 due to the symmetry of ideal back-EMF waveform and the origin setup in Figure 2 .
Then on the basis of (2) and the trigonometric function equations, the electromagnetic torque can be expressed by the DC component and a series of harmonics [17] : = 0 + 6 cos 6 + 6 sin 6 + 12 cos 12
where 0 is the DC component (expected average torque) and and are the cosine amplitude and sine amplitude of the th torque harmonic, = 6, 12, 18, . . .. The electromagnet torque is the sum of expected average torque and unexpected torque harmonics. These harmonics cause the variation of average torque with the time. They are the source of torque ripple and eliminated objectives.
According to (6) and (7), it can be found that the fundamental harmonic of torque does not exist and the torque only contains the 6th and its multiple orders' harmonics, which are related to back-EMF harmonics, phase current harmonics, and the lagging angle of current. Because the higher the harmonic orders of phase current and back-EMF are, the smaller their amplitudes are, thus the 6th and the 12th torque harmonics and the first 20 current harmonics are only considered.
Based on (7), the torque harmonics varying with the advanced angles are calculated and displayed in Figure 6 
As shown in Figure 6 (a), when the advanced angle changes, the DC component keeps nearly stable and reaches the maximum at the optimal angle (8 ∘ electrical angle). At the optimal advanced angle, the amplitudes of the 6th and 12th sinusoidal harmonic components are almost zero, but the absolute values of the 6th and 12th cosine harmonic components are not minimum. As the advanced angle increases, the 6th and 12th harmonics of the torque will change and result in serious torque ripple. Figure 6 (b) gives the ratio of the torque harmonics to DC component based on (7) . When advanced angle is less than 18 ∘ electrical angle, the fluctuation is mainly caused by the 6th cosine component and reaches about 13% of DC component; from 18
∘ to 28 ∘ , the ripple resulting from the 6th sinusoidal harmonic increases rapidly to 35% of average torque. There are two reasons contributing to the rapid increase of the 6th sinusoidal component. One is that the phase current changes from lagging behind the back-EMF to being ahead of it and the advanced angle increases. The other one is that phase current harmonics also increase with the growth of the advanced angle given in Figure 5 .
Moreover, it can be also seen that each harmonic has the optimal value in Figure 6(b) . For the harmonic component 6 , the optimal value can be obtained when advanced angle is 22 ∘ electrical degree. The component 6 decreases to only 5% of the average torque. If the commutation control advances 16 ∘ electrical degree, the harmonics component 12 will not contribute to the torque ripple. For the harmonic components 6 and 12 , the optimal values can be reached only when the advanced angle is 6 ∘ electrical degree. So, the optimal values for different harmonic components are acquired at different advanced angles.
The coefficient of torque ripple can be defined as [21] 
According to (8) , Figure 7 shows the torque ripple varying with advanced angle. As shown in Figure 7 , the torque ripple value is minimum at the optimal advanced angle. Then the amplitude of the torque ripple increases as the advanced angle grows. For instance, the ripple will be about 50% of the average torque at 20∘ electrical angle. So when the advanced commutation control is employed, the large advanced angle may cause the motor torque ripple and noise, which affect the motor performance greatly and even cause damage. Torque harmonic analysis reveals the source of the torque ripple and can provide some suggestions for reducing the torque ripple. Taking the component 6 as an example, the terms 5 ( 11 − 1 ) cos 5 and 7 ( 13 − 1 ) cos 7 dominate the amplitude of 6 . Therefore, the 5th and 7th harmonics of phase current should be designed to make the sum of these two terms approximate 0. And the optimization of the 5th and 7th back-EMF harmonics to weak the term 1 ( 7 − 5 ) cos is also beneficial. These can be achieved by improving the motor design [22, 23] and current control strategies [24, 25] .
Experiment and Results Analysis
In order to verify the presented analysis, the experiment is designed with a BLDC motor and compares with analytical method. Matlab 2014 is adopted as the analytical software, and Figure 8 shows the configuration of experimental equipment. The main parameters of the motor have been given in Table 1 . The system control is implemented on the KEAZ128 platform and the motor is powered by a 24 V lithium battery. The phase currents are measured via utilizing two current Hall sensors, CHF-25P. And the phase current results are displayed and stored though an oscilloscope.
Four working conditions are carried out including 1000 rpm case with 0.8 Nm load, 1500 rpm case with 0.4 Nm load, 1500 rpm case with 0.8 Nm load, and 1500 rpm case with 1.5 Nm load. Taking 1500 rpm condition with 0.8 Nm load as an example, Figure 9 (a) shows the comparison of -phase currents with different advanced angles. It can be seen that advanced commutation causes the change of phase current so that torque harmonics and commutation torque ripple will be affected. When advanced angle is greater than 20 ∘ electrical angle and -phase is switched off, the phase current passes through the freewheel diode, which causes the current distortion circled by a red solid line and is harmful for torque. the phase currents in Figure 9 (a). It is obvious that advanced angle contributes to the variation of phase current, that is, the amplitude of current harmonics essentially. Then according to the torque harmonic expressions, torque ripple results of four conditions are given in Figure 10 by employing both experimental and analytical methods. It can be found that experimental result matches well with analytical result when advanced angle is less than 15 ∘ electrical angle for four operating conditions. However, there are some differences between experimental and analytical results after 15 ∘ electrical angle in Figure 10 .
For the same load, 0.8 Nm, Figures 10(a) and 10(c) compare two speed cases, 1000 rpm and 1500 rpm. It can be found that a lower speed has a smaller commutation torque ripple, which is consistent with the analysis about (3). For Figures 10(b) , 10(c) and 10(d), three load cases with the same speed are compared. The optimal advanced angle that minimizes commutation torque ripple changes with the load of BLDC motor. Moreover, when load is 0.4 Nm, large advanced angle causes serious commutation torque ripple and affects the motor performance. Therefore, it is concluded that advanced commutation method is more suitable for heavy load applications.
Conclusion
The paper studies the relationship between current, back-EMF, and torque for three-phase BLDC motor with advanced commutation control. The effects of advanced commutation on phase current and current harmonics are studied firstly. Then, on the basis of current and back-EMF harmonics, the torque harmonics and torque ripple are analyzed and calculated. These results reveal the trend of torque harmonics varying with the advanced angle and emphasize the different contribution of individual torque harmonic to the total torque ripple. These results and analysis may be useful for the control strategies and motor design, which will improve the motor performance.
